Abstract. In this paper, we develop a C 0 interior penalty method for a fourth order singular perturbation elliptic problem in two dimensions on polygonal domains. Using some a posteriori error analysis techniques, we are able to show that the method converges in the energy norm uniformly with respect to the perturbation parameter under minimal regularity assumptions. In addition, we analyze the convergence of the numerical solution to the unperturbed second order problem. Finally, we perform some numerical experiments that back up the theoretical results.
1. Introduction. In this paper, we construct and analyze a C 0 interior penalty (IP) method for the following fourth order problem: Problem (1.1) models a simply supported plate problem with v ε representing the displacement of the plate and ε being the ratio of bending rigidity to tensile stiffness in the plate [17] . Additionally, such problems arise when studying the linearization of a fourth order perturbation of the fully nonlinear Monge-Ampère equation [8] . We note that the corresponding problem for the clamped plate was investigated in [17, 18, 16, 21, 22, 2] .
In order to avoid high order conforming finite element methods [17, 9] , nonconforming finite element methods are an attractive option. Since the leading term in (1.1a) is the biharmonic operator, the Morley element is appealing since it has the least number of degrees of freedom on each element for fourth order problems, as its basis functions consist of only quadratic polynomials [15, 19] . Unfortunately, the Morley element is not convergent for general second order elliptic problems [23] , and therefore, the error deteriorates as ε → 0 + as was shown in [16] . As a result, several variants of the Morley element method have been proposed for (1.1a) (with A = I 2×2 ), which either enrich the Morley finite element space [16] or modify the finite element formulation [21, 22] .
In this paper, we take a different approach, and formulate and study a symmetric C 0 IP method [10, 6] for (1.1). Similar to the Morley element, we use piecewise quadratic polynomials to construct our finite element space. However, unlike any of the aforementioned methods, we do not need to modify the space or modify the finite element formulation. Furthermore, the finite elements we use come in a natural hierarchy, are simple to implement, and readily available on commercial software. Finally, as ε → 0 + , the method converges to the 'standard' finite element method for the unperturbed problem (1.3) below.
Due to the inequalities (1.2), problem (1.1) is bounded and coercive on H 2 (Ω) ∩ H 1 0 (Ω), and therefore, there exists a unique weak solution v ε ∈ H 2 (Ω) ∩ H 1 0 (Ω). However unlike the case of the clamped plate, even on a convex domain, the best that can be said about the regularity of v ε is that v ε ∈ H 2+γ (Ω) for some γ ∈ (0, 1) which depends on the angles of the corners of Ω [11, 4] . That is, v ε does not necessarily belong to H 3 (Ω). We shall refer to γ as the index of elliptic regularity. We discuss this issue in further detail as well as develop a priori bounds in the subsequent sections (cf. Theorems 4.1-4.2).
One of the main goals of this paper is to rigorously prove that the C 0 IP method is robust with respect to ε, that is, to derive error estimates that are independent of ε. Another focal point of this paper is the convergence of
is the solution to the C 0 IP method, andv is the solution to the second order problem
, and Ω is convex, there holdsv ∈ H 2 (Ω) with [11] v
The paper is organized as follows. In Section 2, we provide general notation that will be used in the subsequent sections and define the finite element method for (1.1). In Section 3, we use a posteriori techniques to establish some technical lemmas, which we later use to derive abstract a priori error estimates in the energy norm. In Section 4, we derive a priori estimates of the solution v ε and determine the rates of convergence of v ε −v in various norms. Section 5 contains the main results of the paper. Here, we combine the results of Sections 3 and 4 to prove estimates of v ε − v ε h in the energy norm that are independent of the parameter ε, as well as derive estimates of the error v − v ε h with respect to both ε and h. Finally in Section 6, we provide numerical experiments which confirm the theoretical results. A technical proof concerning the construction of a macro bubble function is found in the Appendix.
Notation and the C
0 Interior Penalty Method. Throughout the paper, we use H k (Ω) (k ≥ 0) to denote the set of all L 2 (Ω) functions whose distributional derivatives up to order k are in L 2 (Ω), and H k 0 (Ω) to denote the set of H k (Ω) functions whose traces vanish up to order k − 1 on ∂Ω.
In order to define the weak solution to (1.1), we set
where (·, ·) denotes the L 2 inner product over Ω and
We then define a function
Next, we let T h be a regular simplical triangulation [9, 5] of the domain Ω with
h denote the set of interior edges in T h , E b h the set of boundary edges in T h , and set
h there are two triangles T + and T − such that e = ∂T + ∩ ∂T − . Set ω(e) = {T + , T − }, and let n e be the unit normal of e pointing from T
, define the average and jump of the normal derivative of w on e as follows:
Here, ∂ ne w := ∇w · n e and w ± = w T ± . Similarly, we define the jump of the gradient of w across e by
, define the average and jump of the second order normal derivative of w on e, and the jump of the Laplacian of w on e by We denote by V h the Lagrange finite element space consisting of globally continuous piecewise quadratic polynomials and let
. For a positive real number σ, we define the following bilinear form on
where h e = diam(e) and (·, ·) T resp. ·, · e denotes the L 2 inner product over T (resp. e).
The C 0 IP method for (1.1) is to find v
We define the discrete norms | · | 2,h , · a,h , and · ε,h as follows:
Remark 2.1. There exists σ a > 0 depending only on the shape regularity of
Therefore by (2.5) and (1.2), there holds Remark 2.3. Interior penalty methods for the corresponding clamped plate problem (with ε = 1) were proposed and studied in e.g. [3, 13, 14, 7] . As the solution has H 3 (Ω) regularity in this case, the analysis is relatively simpler than the simply supported plate problem (1.1), and it is straight-foward to show that the results of Theorem 3.1 below hold for the clamped plate problem.
3. Convergence Analysis. As mentioned in the previous section, we cannot use Cea's Lemma to derive error estimates of the C 0 IP method (2.4) due to the low regularity of v ε . To overcome this difficulty, we use some of the main ideas of [12] to derive our main result of this section, Theorem 3.1, assuming only v ε ∈ H 2 (Ω)∩H 1 0 (Ω). As a first step, we use some a posteriori techniques [1, 20] to establish the following technical lemma.
Lemma 3.1.
T , and extend r T to be zero outside of T .
First, we note that sinceφ + ∇ · (Ā∇w) is a polynomial, there exists a constant C e > 0 independent of h such that
Next, using standard inverse estimates [9, 5] , (3.6), (2.2), and (3.4)-(3.5), we have for any
Here, we have used the fact 0 ≤ b T ≤ 1 to derive the last inequality. Dividing the last expression by φ + ∇ · (Ā∇w) L 2 (T ) , and using (3.4)-(3.5), and the triangle and inverse inequalities, we get
The estimate (3.1) follows from this last inequality.
Next let e ∈ E h be an arbitray edge. If e ∈ E i h with e = ∂T + ∩ ∂T − , we construct [12] :
Otherwise if e ∈ E b h with e = ∂T + ∩∂Ω, we construct ζ 1 ∈ P 1 (T + ) and ζ 2 ∈ P 4 (T + ) such that
nn w e , e ζ 2 ds ≈ h e , ζ 2 ∂T + \e = 0,
Integrating by parts, we have by (2.2)
By scaling, we have [12] 
and by the Poincaré inequality
Thus, by the inverse inequality and (3.1), we have
It then follows that
.
We now prove (3.3). To achieve this, for given e = ∂T
such that χ 1 e =Ā ∇w · n e e , and extend
by constants along the normal directions of e. Next, we let χ 2 be the macro bubble function with the following properties (cf. Appendix A):
We then have by (2.2) and by integration by parts,
Thus, by the inverse and Poincaré inequalities, (3.1), and (3.5),
By scaling, we have
, and therefore,
Before continuing, we discuss some properties of the enriching operator, E h :
is the Hsieh-Clough-Tocher finite element space [9, 5] associated with T h . We sketch some of the main properties of this linear operator and refer the reader to the papers [6, 7] for a more detailed exposition.
The construction of E h is done by averaging. To describe this process, we let N be a global degree of freedom of V c , that is, N is either the evaluation of the shape function at a vertex in T h , the evaluation of the first order derivatives of a shape function at an interior vertex in T h , the evaluation of the normal derivative of a shape function at the midpoint of an edge in E h , or the evaluation of the normal derivative of a shape function at any vertex on the boundary ∂Ω.
Then for any w ∈ V h , we construct E h w ∈ V c so that
where T N ⊂ T h denotes the set of triangles that share the degree of freedom, and |T N | is the cardinality of this set.
For any T ∈ T h , the map E h satisfies the estimate [7] w
, where V h (T ) denotes the set of vertices of T ∈ T h , E i h (p) is the set of all interior edges in E h sharing the endpoint p, and (cf. Using a trace and inverse inequality, it follows from (3.7) that
where (cf. Figure 3 .1)
ω(e).
Next, using the trace and inverse inequalities again, we conclude that
and by (3.8) and (3.7)
Using similar arguments, we conclude that by (3.8) we have
and by (3.7), we have
Finally, from (3.7) and the trace and inverse inequalities, we have
Lemma 3.2. For all q ∈ H 2 (Ω), z ∈ V c , and w ∈ V h , there holds
Proof. For any z ∈ V c and q ∈ H 2 (Ω), there holds ∂ n z e = ∂ n q e = 0 ∀e ∈ E i h . Therefore by (2.1), (2.3), the Cauchy-Schwarz inequality and trace/inverse inequalities, we have
With these results established, and with the help of Lemma 3.1, we can show the following result. The true power of Lemma 3.3 will be exposed in Theorem 3.1. 
It then follows from this expression and the triangle inequality that
where
Next, to ease notation, set s = z − E h z, so that
Integrating by parts, we have
where τ denotes the unit tangent vector of ∂T . Since E h z(p) = z(p) for any vertex p in T h , it follows that
By the definitions of the bilinear forms a(·, ·) and b(·, ·) and by (3.20), we have 
Here, we have used the fact v ε ∈ H 2 (Ω) so that ∂ n v ε e = 0, ∀e ∈ E i h . We now bound the last three expressions in the right-hand side of (3.21).
Combining (3.1) and (3.7)-(3.8), we have
Next, applying (3.2) and (3.9), we get
We also have by (3.10) and (3.2)
Continuing, we use (3.3) and (3.12) to conclude
and by (3.13), we have
Finally, the estimate (3.16) is obtained by combining (3.18), (3.21) , and the estimates (3.22), (3.23) , and (3.26). Similarly, the estimate (3.17) is obtained by combining (3.18), (3.21) , and the estimates (3.22), (3.24), and (3.25).
2×2 and the mesh T h is quasiuniform with h ≈ h T ∀T ∈ T h . Then there holds
, then by (3.17), we have
On the other hand, if h ≤ ε 
A Priori
Estimates and Convergence as ε → 0 + . Since the error estimate (3.1) will eventually depend on the norms of v ε , we must derive a priori bounds of these quantities in order to obtain uniform convergence of the finite element method with respect to ε. Theorem 4.1 (A Priori Estimates I). Let v ε be the solution to (1.1) and letv denote the solution to (1.3). Then the following hold:
(Ω) for some γ ∈ (0, 1) and
Setting w = v ε −v in the expression above, we use (1.2) to conclude
Assuming λ ≥ ε, we have by (1.4)
and therefore,
To obtain the estimate (4.2), we let φ ∈ H 2 (Ω) ∩ H 1 0 (Ω) be the solution to
We then have by (4.1)
We also have by (4.6), (1.1), (1.3), and (4.7)
Dividing the last expression by v ε −v L 2 (Ω) , we obtain (4.2). We now show (4.4) . To this end, we note that
(Ω). Thus by elliptic theory for the simply supported plate, there exists a γ ∈ (0, 1) (which we call the index of elliptic regularity), such that v ε ∈ H 2+γ (Ω) and
and therefore, by interpolation between Sobolev spaces,
It then follows from (4.8)-(4.9) that
Thus by the inverse inequality, we obtain
For this test, we calculate the errorv − v ε h for fixed h=6E-3, while varying ε. We choose our data so that the exact solution is
We solve (2.4) with h=6E-3, and list the errors and rates of convergence in 
This behavior is reflected in Table 6 .1, where the second column shows that |v − v 
Therefore, as ε → 0 + and for h fixed, we expect to see linear convergence with respect to ε in all norms. Again, this behavior is seen in the second and third columns of Table 6 .1. Proof. Without loss of generality, we may assume that the edge e is horizontal. First, we consider the case where T + is the triangle with vertices (0, 0), (0.5, −a), (1, 0), and T − is the triangle with vertices (0, 0), (0.5, a), (1, 0), where a is some fixed positive number. Hence, e is the line segment with vertices (0, 0) and (1, 0). We then definẽ χ ∈ P 8 (T + ∪ T − ) to bẽ χ = (y + 2ax) 2 (y − 2ax + 2a) 2 (y + 2ax − 2a)
It is easy to verify thatχ vanishes up to the first order on ∂T + ∪ ∂T − \e and that
Next, we consider the general case where T + = ABC, T − = ACD, and e is the line segment AC (see Figure A.1) . Let M be the midpoint of edge e, and let E (resp. F ) be the point on BC (resp. AD) such that EM (resp. F M ) is perpendicular to AC. Without loss of generality, we may assume that |EM | ≤ |F M |. We then set G to be the midpoint of EM and set H to be the point on the segment F M such that |HM | = |GM |.
On ACG ∪ ACH, we take χ to be the scaled version ofχ defined by (A.1). We note that by construction χ vanishes up to the first order on AG, CG, CH, AH, and ∂ ne χ e = 0.
On each of the triangles AF H, CDH, BCG, and ABG, we take χ to be the polynomial of degree six so that χ vanishes up to the first order on AF , F H, AH, CD, DH, CH, BC, CG, and BG, and χ equals one at the center of each of the triangles.
It follows from this construction that χ ∈ C 1 (T + ∪T − ), χ vanishes up to first order on ∂T + ∪ ∂T − \e, ∂ ne χ e = 0, and χ ≥ 0. Furthermore, by scaling χ L ∞ (T + ∪T − ) ≈ 1 and e χ ds ≈ h e . 
